Let (P, M, G) be a principle fibre bundle over M with group G, connection ω and quotient map π. Recall that for all p ∈ P the Lie algebra G is identified with V p P := Kerπ p * via the derivative of l p : G → P defined by g → p · g. This leads to the direct sum T p P = V p P ⊕ H p P where H p P := Kerω p . Let h be the projection to the horizantal space H p P . For any G valued r-form α on P, we define its covariant derivative D by
A symmetric r-tensor S on G is a complex valued r-linear function such that S(. . . , X i , . . . , X j , . . .) = S(. . . , X j , . . . , X i , . . .), i,j=1,. . . ,r. It is called invariant under G if S(adg · X 1 , ..., adg · X r ) = S(X 1 , . . . , X r ) for any X i in G and g ∈ G where adg is the usual adjoint action of G on G. The set of all such r-tensors is denoted I r (G). Setting I 0 (G) = C, let I(G) := ⊕I r (G). Then it becomes a commutative algebra with identity with the following operations. For R,S in I(G), an r-tensor and an s-tensor, define (R + S)(X 1 , . . . , X r+s ) := R(X 1 , . . . , X r ) + S(X r+1 , . . . , X r+s ) (RS)(X 1 , . . . , X r+s ) := 1 (k + l)! σ∈S r+s R(X σ(1) , . . . . . . , X σ(r) )S(X σ(r+1) , . . . , X σ(r+s) ) where the sum is over the permutation group S r+s . Using S ∈ I r (G) we'll define a 2r-form on P as follows. Let Y i ∈ T p P , i=1,. . . 2r and p ∈ P . Then definê
Recall that the de-Rham cohomology H * (M ) of M is an algebra where the multiplication is called the cup product.
Theorem 2.1 (Chern-Weil) Let (P,M,G) be a principle fibre bundle with group G, connection ω and curvature form Ω = dω.
(i) For all S ∈ I r (G), the 2r-formΩ S defined above projects to a unique closed 2k-form Ω S on M, i.e. π * Ω S =Ω S . (ii) If ω and ω are two connections on P with curvature forms Ω, Ω and S ∈ I r (G) then Ω S and Ω S are cohomologous. Thus we have the algebra homomorphism called the Weil homomorphism
We'll prove the theorem using 5 lemmas.
Lemma 2.2 A q-form φ on P projects to a unique q-formφ on M if (1) φ(X 1 , . . . , X q ) = 0 whenever at least one of the X i 's is vertical (2) φ(R a * X 1 , . . . , R a * X q ) = φ(X 1 , . . . , X q ) where R a : P → P given by p → a · p is the action of G on P.
where π p * (X i ) = v i . We have to show thatφ doesn't depend on our choices. Let q ∈ P be such that π(q) = u and Y i ∈ T q P be such that π q * (Y i ) = v i .
By (2) we can assume q = p but with a different choice of
Repeating this for all entries, we see that it is well defined.
Lemma 2.3 If a q-form φ on P projects to a q-formφ on M then dφ = Dφ.
Proof Straightforward using the definition of D and the commutativity of pullbacks with d.
Before proceeding any further we will state some properties of Ω that we need(cf. Okubo):
)Ω. Now, since in the definition of D we first project to H p P and Ω = Dω, condition (1) of lemma 2.2 is satisfied for Ω and hence for f (Ω), f ∈ I k (G). The second condition of lemma 2.2 is satisfied because f is invariant and (iii) above holds. Thus, f (Ω) projects to a uniquef (Ω) on M .
To see thatf (Ω) is closed we'll use DΩ = 0 and lemma 2.3. Choosing a basis for G and then using the Leibnitz rule of d on 2-forms, it is straightforward to see that
Then, since DΩ = 0 the right hand side is 0 and by lemma 2.3 d(f (Ω)) = 0. But, d and π * commutes so that d(f (Ω)) = 0. Hence we proved the first part of the Chern-Weil theorem. To prove the second part we need three more lemmas.
Consider two connections ω 0 and ω 1 on P and define
We'll show that ω t is a connection for all t.
Lemma 2.4 ω t is a connection on P, i.e. it satisfies
Proof Straightforward using the identification of G with V p P and the corresponding defining properties of ω 0 and ω 1 .
Let
Lemma 2.5
Proof Cartan's structure equation gives
. . ,φ k we can generalize our previous definition of f (Ω) by defining
then Φ projects to a (2k-1)-form on M and
Proof By lemma 2.2, f projects to a 2k − 1 form on M so that Φ projects to a 2k − 1 form on M . By lemmas 2.3, 2.5 and by
since f is symmetric. Thus
The elements of the image of I * (G) in H * (M ; R) are called characteristic classes for the bundle P.
Examples, Chern and Pontrjagin Classes

Symmetrized Trace
Let G be a matrix Lie group and G be its Lie algebra. Let k ≥ 1 be an integer. The symmetric trace is the multilinear map
Clearly, symtr ∈ I k (G).
Chern and Pontrjagin Classes
We need some preliminaries before defining these classes. Let V be a finite dimensional real vector space and let S k (V ) denote the space of complex valued symmetric k-tensors on V. Set S 0 (V ) = C and define
It is straight forward to see that with these definitions S(V) becomes a complex commutative algebra with identity. Note that if (e 1 , . . . , e n ) is a basis for V and v =
is a homogeneous polnomial of degree k in the components of V and this is true for any basis of V. Let C[x 1 , . . . , x n ] denote the polynomial ring in the variables x i and let C[x 1 , . . . , x n ] k denote the subset of homogenous polynomials of degree k. Define a map
Theorem 3.1 (i) ψ gives an isomorphism of S(V) and C[x 1 , . . . , x n ] as vector spaces.
(ii) As algebras, S(V) is isomorphic to C[x 1 , . . . , x n ].
Proof (i) First injectivity. Assume φ(P ) = 0. Note that the coefficients of x i 1 . . . x in is a multiple of P (e 1 , . . . e 1 , e 1 , . . . , e 1 , e 1 , . . . , e 1 ) = a i 1 . . . a in where e j is repeated i j times and i 1 +. . .+i n = k. Since ψ(P ) = 0, this implies a i 1 . . . a in = 0 for all such i 1 , . . . , i n . By the symmetry and multilinearity of P then,P
k are the same we are done. This isomorphism for all k gives us the isomorphism between S(V ) and C[x 1 , . . . , x n ].
(ii) Straightforward using the definition of multiplication in S(V ) and (1)above.
Note that this isomorphism preserves ad invariant subspaces.
For Chern and Pontrjagin classes we'll first obtain the homogenous polynomials and via the isomorphism in the theorem we'll see that they define characteristic classes. Let G = GL(n, C) whose G = M (n; C) is the set of all n × n complex matrices. Consider for A ∈ M (n; C), λ an indeterminate,
We obtain the homogenous polynomials by rewriting it:
In the standart basis of M (n; C), from the definition of the determinant it is easy to see that f i 's are homogenous polynomials of the entries of A. They're ad invariant since determinant is ad invariant. Hence for GL(n; C) bundle P we obtain the Chern classes is to make their integrals over submanifolds to be integer valued.
For G = GL(n; R) and G = M (n; R) the homogenous, ad invariant polynomials defined by det(λI− i 2π A) gives the Pontrjagin classes for a principal GL(n; R) bundle in H 2k (M ). For various subgroups of G = GL(n; R), we refer the reader to Dupont.
